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An obstacle to populating the string theory landscape 
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We construct domain walls and instantons in a class of models with coupled scalar fields, de- 
termining, in agreement with previous studies, that many such solutions contain naked timelike 
singularities. Vacuum bubble solutions of this type do not contain a region of true vacuum, ob- 
structing the ability of eternal inflation to populate other vacua. We determine a criterion that 
potentials must satisfy to avoid the existence of such singularities, and show that many domain wall 
solutions in Type IIB string theory are singular. 



Introduction: The string theory landscape (a set of 
vacua in the low-energy approximation of string theory) 
has changed the way we think about making predictions 
from fundamental theory. Together with eternal infla- 
tion (the idea that a background de Sitter space can 
form many different pocket universes but still perdure) 
as a mechanism to populate the various states in the 
landscape, it becomes possible to think of many physi- 
cal quantities as environmental variables that vary over 
vast spatiotemporal regions of a very large "multiverse." 
In this picture, one can only make statistical predictions 
based on dynamical criteria or selection effects, with the 
most striking (and successful) example being a prediction 
for the value of the cosmological constant [1[ . 

In order to make sense of a probability measure over 
different vacua, it is necessary to understand how exactly 
eternal inflation populates the landscape. This is typi- 
cally assumed to proceed via the formation of vacuum 
bubbles containing different phases, a process described 
by the Coleman-de Luccia (CDL) instanton The po- 
tential that forms the vacuum bubble is often taken to de- 
pend on a single scalar field only. However, it was shown 
by Cvetic and Soleng Q that domain wall spacetimes in 
certain two-field models contain naked singularities (see 
also Ref. Q for a similar observation in a slightly different 
context). Such singularities prevent the formation of re- 
gions of a new phase inside of vacuum bubbles and might 
forbid certain vacuum transitions In this paper, we 
show that the best-understood corner of the landscape, 
described by Type IIB string theory, gives rise to many 
such singular domain wall solutions. The lack of stan- 
dard instantons and domain walls pose a serious concern 
about the ability to connect vacua and make statistical 
predictions based on eternal inflation. 

Singular domain walls and instantons: Consider the 
construction of domain walls and instantons in an ef- 
fective four-dimensional theory of two real scalar fields 
{4>,x} coupled to gravity, described by the Lagrangian 
(we use units where M p = 1) 
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where the potential Vo((f>, x) is given by 
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The constants a and C are chosen such that Vb has two 
positive minima located at (f>± ~ ±M. The dimension- 
less function /(%) modulates the height of the potential 
barrier between the two minima (thus x acts as a dila- 
tonic field). We focus on functions f(x) which diverge 
to +oo as x goes negative and monotonically approach 
zero from above as x ~ f °°j such as fix) oc exp(— nx) 
(n > 0). The potential Vi(x) contains self-interaction 
terms for the field x, which we assume can stabilize the 
field at a positive VEV, yielding two full vacua at </>± . 

For a 7^ 0, there can exist closed domain wall solu- 
tions (bubbles) interploating between <f> — <p±. Their 
nucleation is described by the CDL instanton [2], which 
for two positive energy minima, is a compact Euclidean 
manifold covered by the metric 
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Analytically continuing one of the angular variables of 
the three-sphere dQ^ yields the post-nucleation metric 
near the domain wall, whose sections of constant £ are 
hyperboloids with spacelike norm. Using either the do- 
main wall or CDL metric ansatz, the equations of motion 
are 
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+ ^<OT - v (4>, x ) - Vi(x),(i) 



To find non-singular interpolating solutions between the 
basins of attraction of Vo, we must solve a double bound- 
ary value problem at the poles, £ = and £ = £/, of the 
compact spatial slices. Specifically, {(f)(0) ~ (/>-,</)' (0) = 
X'(0) = 0,r(0) - 0,0(0) ~ = X'(tif) = 

0> r (£/) = 0}. We will often consider the mechanical 



FIG. 1: A Euclidean potential that leads to singular domain 
wall and instanton solutions. The arrow indicates the strong 
gradient towards — \ that exists away from vacuum. 



FIG. 2: The time-symmetric thin- wall singular vacuum bub- 
ble spacetime. The shaded region is described by the solution 
to Eq. |U The bubble wall is the thick solid line at £ m , and the 
singularity is the dashed line (beyond which the non-singular 
solution would have relaxed to the true vacuum). 



analog of a particle moving as a function of the " time" £ 
in the upside down Euclidean potential. 

When /i 4 <C 1, M < M p , and a <C 1, we can take 
what is known as the thin-wall limit Q. In this case, 
the field spends most of its time loitering very near both 
the true and false Euclidean maxima, and crosses be- 
tween the two essentially instantaneously. The smallness 
of the vacuum energies also implies that the scale factor 
increases approximately linearly over a significant range 
inf. 

In a theory with just 4>, the construction of non- 
singular instantons and their associated domain wall 
spacetimes is well known, and can be accomplished an- 
alytically in the thin-wall approximation However, 
the addition of x can drastically alter the structure of 
domain wall solutions, as first noted in see also 0,|(|. 

To illustrate this, consider the case where Vq is negli- 
gible for <j> ~ (j>± , but Vq 3> V\ when 4> is displaced away 
from either minimum. An example of such a Euclidean 
potential is shown in Fig. [I] The presence of the function 
fix) induces a significant gradient in the negative-x di- 
rection whenever <fi is away from its minima. The velocity 
gained by x as makes its traverse between the vacua 
can be calculated by integrating the equation of motion 
for x, assuming that x is fixed at xo ( a good approxima- 
tion for an instantaneous jump in <f>). The friction term is 
negligible during this stage of the evolution (since r oc £ 
and £ 3> 1 here), and we obtain (in agreement with Q) 

(6) 

with e — * 0. The last equality defines the tension a of 
the domain wall. 

This gained velocity is very dangerous. If x' is non- 
zero as r approaches its second zero, the neglected (anti) 
friction term in the equations of motion will become sig- 
nificant, sending x' ~ * — °° in finite £, and the result is 
a curvature singularity [3j . This catastrophe can only be 



avoided if the potential V\ can halt the motion of the x 
field. Since energy is approximately conserved when <f> 
makes its traverse between the vacua, this will only be 
possible when V\ has a local maximum at x — Xmax with 

VliXmax) > A X ' 2 /2 (7) 

at both 4> — <j)±. In this case, bound trajectories for x in 
the Euclidean potential can exist, and non-singular solu- 
tions can possibly be found (this condition is necessary, 
but not sufficient). 

The appearance of the singularity has profound impli- 
cations for the structure of the domain wall spacetime, 
as shown in Fig. [2] If we choose to set x' — on the 
false vacuum side of the potential, then we can extend 
the coordinates across £ = to a region where the fields 
settle to the false vacuum. In the reglular CDL solution 
it is also possible to extend the coordinates across £ = £/ 
(on the other side of the domain wall) to a region where 
the fields settle to the true vacuum. However, in the sin- 
gular domain wall spacetimes, this region does not exist 
- there is no region of true vacuum! 

Cvetic and Soleng 0] showed that in addition to the 
CDL bubbles discussed here (a.k.a. ultra-extreme do- 
main walls), spacetimes containing extreme and non- 
extreme domain walls in theories described by Eq. 1 will 
also exhibit singular behavior. We expect this to be a 
generic phenomenon whenever the fields are a function 
of a single spacelike variable (i.e. £ in the case of CDL 
bubbles and physical radius in the case of static 0(3)- 
symmetric vacuum bubbles Q). 

Singular instantons (of finite action @, @|) have also 
been considered previously Q , as describing the birth of 
an open universe in the absence of an antecedent false 
vacuum. However, when the singularity lies on the true 
vacuum side of the instanton (as above), it has been ar- 
gued that such finite action instantons cannot be inter- 
preted as an instability of the false vacuum fj|. Thus, 
CDL transitions between the vacua at 4> ~ ±M would 
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seem to be forbidden. (Note that there is nothing for- 
bidding domain walls and instantons developing between 
vacua in the \ direction while (f> is fixed in vacuum.) 

Let us now relax some of our assumptions, and ask 
when non-singular solutions could exist. Keeping with 
the thin-wall approximation, unless Vq ~ V\ everywhere 
between the minima, Eq. [6] holds, and x obtains a neg- 
ative velocity. Thus, even when the condition Eq. [7] is 
satisfied, we may have to consider potentials where the 
VEVs of x m the two minima are very finely tuned ac- 
cording to the velocity gained. Alternatively, if the fields 
and metric are allowed to depend both on a timelike and a 
spacelike variable, say by requiring 0(3) invariance alone, 
singularities could possibly be avoided. To analyze the 
behavior of these solutions lies beyond the scope of this 
letter, but certainly deserves further investigation. 

Moving away from thin-wall, and considering poten- 
tials where gravitational effects become important, the 
friction term in the field equations can no longer be ne- 
glected, but clearly the trend will still be to push \ to 
zero. When gravitational effects dominate, it becomes 
impossible to find a CDL solution even in the case where 
there is a single field. In this regime, the Hawking Moss 
(HM) instanton [l(| (where all fields sit at an extremal 
point of the potential over the entire range in £) can me- 
diate a transition. However, because there is no extremal 
point between <p± (at the maximum in cf>, dV/d\ =h 0), 
this class of potentials will not admit a HM instanton 
(see also ll|). The lack of a solution both in the limit 



where gravitational effects are negligible and where they 
are dominant is strong evidence for the lack of solutions 
in the intermediate regime. 

However, if Vq is everywhere comparable to V\, then 
our conclusions can change appreciably. In this case, an 
extremal point can exist between the minima, allowing a 
HM instanton, and providing a location where the force 
pushing x t° zero in the CDL solution disappears. In 
general, precise statements are difficult to make, but we 
would expect that non-singular solutions exist in a wide 
variety of such potentials (for example, see [1]). 

Singular domain walls in the string theory landscape: 
Like all string/M theories, type IIB can be compactified 
on an internal manifold, yielding a lower dimensional ef- 
fective field theory at low energies. Choosing the inter- 
nal manifold to be a Calabi-Yau three-fold, yields a four- 
dimensional supergravity (provided that the internal vol- 
ume is large in string units and that the string coupling 
is small). Extra ingredients, such as higher-dimensional 
fluxes and branes, are needed to stabilize the geometric 
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moduli of the Calabi-Yau (see e.g. 

In type IIB flux compactifications, the complex struc- 
ture moduli Zi and the axio-dilaton r receive a tree level 
superpotential, Wo(zi, r; F, H), determined by quantized 
three- form fluxes F and H. The Kahler moduli p a , on 
the other hand, can only be fixed by non-classical effects. 
For simplicity, we restrict to the case with one Kahler 



modulus p, whose imaginary part determines the overall 

3 /2 

volume of the Calabi-Yau: Vol oc p/ . 

The tree-level superpotential Wo, combined with the 
Kahler potential K = — 31og(p/) — log(r/) + K cs (zi, z~i), 
yields an AT = 1 scalar potential at tree level: 
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[K z ^D z W a DgW + K Tf D T W DrW ) 



Vt acts to stabilize zi and r and is positive definite, but 
induces a run-away behavior for p. For fixed z,-, Vt has a 
global minimum determining the string coupling g s = < 
tj > 13]. It also has a minimum in complex structure 
moduli space for generic flux configurations. 

The superpotential receives non- per t urbative correc- 



tions of the form W np (p) — Ae lap [14|, [15( that can fix 
the Kahler modulus p. This effect has been shown to give 
viable vacua in the supergravity regime, as described by 
the KKLT model [l5| (see Ref. 16 1 for another approach), 
which we focus on here. 

The set of vacua labeled by different flux configurations 
is known as the string theory landscape 17[ ■ Vacua with 
different flux configurations can be connected by a con- 
tinuous potential Vt using the monodromies of the un- 



derlying Calabi-Yau [13 



181 ]. yielding a double-well po- 
tential |ll] not unlike Vq of the previous section. Freezing 
p, there are domain wall solutions in this potential [llj ]. 
which in the thin wall approximation, have tension 



a = hg^p- 



1/2 -3/2 



(8) 



where h is a dimensionless number depending on the in- 
stanton path in moduli space [ill ]. The same tension 
is also obtained from wrapped D and/or NS five-branes 
liH, 111]. In that picture, h is determined by the 
tension of the five-brane and the volume of the cycle the 
brane is wrapping. 

Assuming that Wq is real, and neglecting pn (which 
will receive a mass), the Kahler modulus potential V p is 



V P = 



aAe~ api 



2pj 



W + Ae" 



1 



D 
7i 



(9) 



where a, A, and D > are undetermined (but in principle 
calculable) constants [l5| . For vacua where supersymme- 
try is broken by p alone, and Wq is negative and small in 
magnitude, it is possible to find a positive energy min- 
imum at pi 3> 1. The height of the barrier separating 
the minimum from the run-away part of the potential at 
pi —* oo can be approximated by (23| 



Vp (Pmax ) 



a 2 A 2 e -2a P1 

6pi 



(10) 



Assuming that two neighboring vacua of Vr with the 
appropriate values of Wo can be found (this is likely to 
be a very rare set of minima, see llj, l2J|), this completes 
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the analogy with the model of the previous section, with 
V p playing the role of V\. At large volume, where the 
effective theory is valid, Vt 3> V p everywhere except in 
the very near vicinity of the vacua for {z, r}. 

When a transition between flux vacua occurs, the 
Kahler modulus will get a kick just as in our toy model. 
Since the Kahler metric is block diagonal in the Z{, r 
and p sectors, we can go to the basis where p has a 
canonical kinetic term. Performing the transformation 



pi = ev 2 / 3 *, Eq. [5] can now be used to estimate the ki- 
netic energy gained across the wall, with Vt playing the 
role of Vo and f(x) = e~^® x . The change in kinetic en- 
ergy incurred by x across the wall can then be compared 
with the barrier height Eq. [TQl 



X'V2 



9g s h 2 



) ~ a 2 A 2 



ft 



» 1. 
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Thus, at large volume, the kinetic energy is naturally 
many orders of magnitude larger than the barrier hei ght ! 
As an example, for the stabilization parameters in [L5| 
and a typical tension found in the Mirror Quintic model 
of [HI, {A = l,a= .l,gl /2 h = .l,p! ~ 100}, this yields 



a fraction on the order of 10 6 . This conclusion is directly 
related to the different scales of Vt and V p at large vol- 
ume, and would seem to hold in other models for moduli 
stabilization in type IIB, such as [l6| ] . 

Just as in the toy model, this conclusion may be 
avoided if Vt ~ V p . This can happen when the Calabi- 
Yau volume is not large, but this means that we leave the 
supergravity regime. Another possibility is if the string 
coupling g s and/or h (as determined by Vt) could be 
as small as 0(p 2 e~ 2api ). If the minima of Vt lie very 
near a conifold point in the complex structure moduli 
space, then h could in principle be small as discussed in 
0,0, SI. Similarly, tuned fluxes could fix g s =< tj > 
at a suitable value. 

If gravitational effects are important, we might expect 
to find thick-wall CDL and HM instantons mediating the 
tunneling between vacua. The thick- wall CDL instantons 
found in [l"0 | are more difficult to analyze than the thin- 
wall instantons discussed here, but we believe the dis- 
parity in scales among the moduli sectors will produce 
similar effects. Furthermore, just as in the toy model, 
there are no HM points in the type IIB potential, as long 
as the scales of Vr and V p are disparate. 

Conclusions and future directions: We have found 
that, because of the disparity in scales fixing different 
moduli, many of the domain wall solutions and instan- 
tons in the Type IIB landscape are singular. This cre- 
ates an obstacle for eternal inflation to populate regions 
of the landscape. The breadth of these conclusions in the 
space of Type IIB theories certainly deserves further in- 
vestigation. In particular, it would be interesting if only 
distinguished states participate in eternal inflation. It 
is also important to search for corners of the landscape 



where the form of the potential might be different. For 
example, in Type IIA theories it is possible to stabilize all 
moduli at tree level with flux [25j |. avoiding a hierarchy 
in scales in the potential fixing the various moduli, and 
thus potentially avoiding singular solutions (although it 
may be a challenge to construct inflating regions and de 
Sitter vacua [26}, see however 27|). We hope to return 
to these and other issues in future work. 
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